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Abstract
We give a classification of n-component links up to Cn-move. In order to prove
this classification, we characterize Brunnian links, and have that a Brunnian link is
ambient isotopic to a band sum of trivial link and Milnor’s links.
1. Introduction
A tangle T is a disjoint union of properly embedded arcs in the unit 3-ball B3. A tangle
T is trivial if there exists a properly embedded disk in B3 that contains T . A local move
is a pair of trivial tangles (T1, T2) with ∂T1 = ∂T2 such that for each component t of T1
there exists a component u of T2 with ∂t = ∂u. Two local moves (T1, T2) and (U1, U2) are
equivalent if there is an orientation preserving self-homeomorphism ψ : B3 → B3 such that
ψ(Ti) and Ui are ambient isotopic in B
3 relative to ∂B3 for i = 1, 2. The definition of a
local move follows from [12], [11].
A C1-move is a local move (T1, T2) as illustrated in Fig. 1. Suppose that a Ck-move
is defined. Let (T1, T2) be a Ck-move, t1 a component of T1 and t2 a component of T2
with ∂t1 = ∂t2. Let Ni (i = 1, 2) be regular neighbourhoods of ti in (B
3 − Ti) ∪ ti
such that N1 ∩ ∂B
3 = N2 ∩ ∂B
3. Let α be a disjoint union of properly embedded arcs
in B2 × I as illustrated in Fig. 2. Let ψi : B
2 × I → Ni be a homeomorphism with
ψi(B
2 × {0, 1}) = Ni ∩ ∂B
3 for i = 1, 2. Suppose that ψ1(∂α) = ψ2(∂α) and that ψ1(α)
and ψ2(α) are ambient isotopic in B
3 relative to ∂B3. Then we say that a local move
((T1 − t1) ∪ ψ1(α), (T2 − t2) ∪ ψ2(α)) is a Ck+1-move. Note that, for each natural number
k, there are finitely many Ck-moves up to equivalence. It is easy to see that if (T1, T2) is
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a Ck-move, then (T2, T1) is equivalent to a Ck-move. The one-branched Ck-move is a local
move as illustrated in Fig. 3. It is shown that a Ck-move is generated by the one-branched
Ck-move [3], [11]. So the one-branched Ck-move is often called the Ck-move. The definition
of Ck-move is due to Habiro [3], [4].
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Fig. 3
Let L1 = K11∪· · ·∪K1n and L2 = K21∪· · ·∪K2n be oriented ordered n-component links
(or ordered n-component tangle) in S3, and let (T1, T2) be a local move. Suppose that there
is an orientation preserving embedding h : B3 → S3 such that (h−1(L1), h
−1(L2)) ∼= (T1, T2)
and L1−h(B
3) = L2−h(B
3) together with orientations and orders. Then L2 is said to be
obtained from L1 by (T1, T2). And the set {l|h(B
3)∩K1l 6= ∅}(= {l|h(B
3)∩K2l 6= ∅}) is the
index of (T1, T2). We call a (one-branched) Ck-move (k < n) is (one-branched) d-Ck-move,
if the number of elements of the index is equal to k + 1.
Two oriented ordered links L1 and L2 are Ck-equivalent (resp. d-Ck-equivalent, one-
branched d-Ck-equivalent) if L2 is obtained from L1 by a finite sequence of Ck-moves (resp.
d-Ck-moves, one-branched d-Ck-moves) and ambient isotopies. These relations are equiv-
alence relations.
A link is called Brunnian (or almost trivial [6]) if the proper sublinks of it are all trivial.
The following proposition gives a characterization of Brunnian links.
Proposition 1.1. Let L be an n-component link (n ≥ 2). The following conditions
are mutually equivalent.
(1) L is a Brunnian link.
(2) L is d-Cn−1-equivalent to a trivial link.
(3) L is one-branched d-Cn−1-equivalent to a trivial link.
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Remarks. (1) This proposition implies that an n-component Brunnian link is ambient
isotopic to a band sum of a trivial link and the n-component Milnor’s link. We will mention
that more precisely in the next section (Proposition 2.3).
(2) Propositions 1.1 and 2.3 are also shown by Habiro [5] independently.
Two links are link-homotopic [6], if they are transformed into each other by a finite
sequence of self crossing change and ambient isotopies. J. Milnor gave a classification
theorem for Brunnian links up to link homotopy by using his µ-invariants [6]. In this
paper, we have
Theorem 1.2. Two n-component Brunnian links L and L′ are Cn-equivalent if and
only if they are link-homotopic.
Remarks. (1) Since for k < n, the Cn-equivalence implies the Ck-equivalence, by
Proposition 1.1, n-component Brunnian links are Ck-equivalent to a trivial link if k < n.
(2) A C2-move is equal to the delta-move defined by H. Murakami and Y. Nakanishi
[7]. The C2-equivalence can be classified by the linking number [7]. A C3-move is equal to
the clasp-pass move defined by Habiro [2]. Classifications for 3-component links and for
algebraically split links up to C3-move are given by K. Taniyama and the second author
[10].
2. Band description of a link
From now on we consider links up to ambient isotopy of S3 and tangles up to ambient
isotopy of B3 relative to ∂B3 without explicit mention.
In order to prove Proposition 1.1 and Theorem 1.2, we need the band description of a
link defined in [11]. See also [8], [13], [14], [12]. A C1-link model is a pair (α, β) where α
is a disjoint union of properly embedded arcs in B3 and β is a disjoint union of arcs on
∂B3 with ∂α = ∂β as illustrated in Fig. 4. Suppose that a Ck-link model (α, β) is defined
where α is a disjoint union of k+1 properly embedded arcs in B3 and β is a disjoint union
of k+1 arcs on ∂B3 with ∂α = ∂β such that α∪β is a disjoint union of k+1 circles. Let γ
be a component of α∪β and W a regular neighbourhood of γ in (B3− (α∪β))∪γ. Let V
be an oriented solid torus, D a disk in ∂V , α0 properly embedded arcs in V and β0 arcs on
D as illustrated in Fig. 5. Let ψ : V → W be an orientation preserving homeomorphism
such that ψ(D) =W ∩ ∂B3 and ψ(α0 ∪ β0) bounds disjoint disks in B
3. Then we call the
pair ((α− γ) ∪ ψ(α0), (β − γ) ∪ ψ(β0)) a Ck+1-link model.
Fig. 4 Fig. 5
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Let (αi, βi) be Cρ(i)-link models (i = 1, ..., l). Let L = K1∪ · · ·∪Kn be an oriented link
(resp. a tangle). Let ψi : B
3 → S3 (resp. ψi : B
3 → intB3) be an orientation preserving
embedding for i = 1, ..., l and b1,1, b1,2, ..., b1,ρ(1)+1, b2,1, b2,2, ..., b2,ρ(2)+1, ..., bl,1, bl,2, ..., bl,ρ(l)+1
mutually disjoint disks embedded in S3 (resp. B3). Suppose that they satisfy the following
conditions;
(1) ψi(B
3) ∩ ψj(B
3) = ∅ if i 6= j,
(2) ψi(B
3) ∩ L = ∅ for each i,
(3) bi,k ∩ L = ∂bi,k ∩ L is an arc for each i, k,
(4) bi,k ∩ (
⋃l
j=1 ψj(B
3)) = ∂bi,k ∩ ψi(B
3) is a component of ψi(βi) for each i, k.
Let L′ be an oriented link (resp. a tangle) defined by
L′ = L ∪ (
⋃
i,k
∂bi,k) ∪ (
l⋃
i=1
ψi(αi))−
⋃
i,k
int(∂bi,k ∩ L)−
l⋃
i=1
ψi(intβi),
where the orientation of L′ coincides that of L on L −
⋃
i,k bi,k if L is oriented. We call
each bi,k a band. We set Bi = ((αi, βi), ψi, {bi,1, ..., bi,ρ(i)+1}) and call Bi a Cρ(i)-chord.
The set {l|Kl ∩ {bi,1, bi,2, ..., bi,ρ(i)+1} 6= ∅} is called the index of Bi. We denote L
′ by
L′ = Ω(L; {B1, ...,Bl}), and say that L
′ is a band sum of L and chords B1, ...,Bl or a band
sum of L and {B1, ...,Bl}.
A Ck-link model (α, β) illustrated in Fig. 6 is called the one-branched Ck-link model.
And a Ck-chord is called the one-branched Ck-chord if its link model is the one-branched
Ck-link model. Note that α ∪ β ⊂ S
3 is the (k + 1)-component Milnor’s link [6, Fig. 7].
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Fig. 6
By the arguments similar to that in the proofs of Lemmas 3.6 and 3.8 in [11], we have
the following two lemmas respectively.
Lemma 2.1. (cf. [11, Lemma 3.6]) A link L′ is obtained from L by (one branched) Cki-
moves with indices Ii (i = 1, ..., m) if and only if L
′ is a band sum of L and (one branched)
Cki-chords with indices Ii (i = 1, ..., m). ✷
Lemma 2.2. (cf. [11, Lemma 3.8]) Let L = K1 ∪ · · · ∪ Kn, J = Ω(L; {B}) and J
′ =
Ω(L; {B′}) be oriented links, where B,B′ are Ck-chords with indices I. Suppose that J
and J ′ differ locally as illustrated in Fig. 7 (a), (b), i.e., J ′ is obtained from J by a
crossing change between Ki and a band of the Ck-chord B. Then J
′ is obtained from J ′ by
a Ck+1-move with index I ∪ {i}. ✷
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Thus by combining Proposition 1.1 and Lemma 2.1, we have
Proposition 2.3 An n-component Brunnian link is a band sum of a trivial link and
some one-branched Cn−1-chords with indices {1, ..., n}. ✷
3. Proofs of Proposition 1.1 and Theorem 1.2
A local move (T1, T2) is trivial, if (T1, T2) is equivalent to a local move (T1, T1). Let
(T1, T2) be a local move, and let t1, t2, ..., tk and u1, u2, ..., uk be the components with
∂ti = ∂ui (i = 1, 2, ..., k) of T1 and T2 respectively. We call (T1, T2) a k-component Brunnian
local move (k ≥ 2), if each local move (T1 − ti, T2 − ui) is trivial (i = 1, 2, ..., k) [9]. It is
easy to see that a Ck-move is a (k + 1)-component Brunnian local move.
Proof of Proposition 1.1. A proof of ‘(2)⇔(3)’ follows the proof of Lemma 2.2 in
[11]. Since a Cn−1-move is an n-component Brunnian local move, a d-Cn−1-move preserves
link types for any proper sublink of an n-component link. Thus we have ‘(2)⇒(1)’.
We will show ‘(1)⇒(2)’. Suppose that L = K1 ∪ · · · ∪Kn is an n-component Brunnian
link. Since L −K1 is a trivial link, there is a link diagram L˜ = K˜1 ∪ · · · ∪ K˜n such that
K˜2 ∪ · · · ∪ K˜n has no crossings.
Since L −K2 is trivial, L is obtained from a trivial link by crossing changes between
K˜1 and K˜2. Since crossing change between K1 and K2 is a C1-move with index {1, 2}, by
Lemma 2.1, L is a band sum Ω(O;B1) of a trivial link O = O1 ∪ · · · ∪ On and a set B1 of
C1-chords with indices {1, 2}.
Since Ω(O;B1)−O3(= L−K3) is trivial, L is obtained from a trivial link by crossing
changes between O3 and some bands of the C1-chords. By Lemmas 2.1 and 2.2, L is a
band sum Ω(O;B2) of a trivial link O = O1 ∪ · · · ∪ On and a set B2 of C2-chords with
indices {1, 2, 3}.
Note that Ω(O;B2)−O4 is trivial. Repeating these processes, we have that L is a band
sum Ω(O;Bn−1) of a trivial link O and a set Bn−1 of Cn−1-chords with indices {1, ..., n}.
Hence, by Lemma 2.1, L is d-Cn−1-equivalent a trivial link. ✷
Proof of Theorem 1.2. Suppose an n-component link L′ is obtained from an n-
component link L by a single Cn-move. Then there is an embedding h : B
3 → S3 such
that (h−1(L), h−1(L′)) is a Cn-move. Since the tangles of Cn-move are (n+1)-component,
there are two components s, t of h(B3)∩L (resp. s′, t′ of h(B3)∩L′) with ∂s = ∂s′ ∂t = ∂t′
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such that s and t are contained in a single component of L (resp. s′ and t′ are contained
in a single component of L′). Since Cn-move is (n + 1)-component Brunnian local move,
we may assume (h−1(L), h−1(L′)) has a diagram in the unit disk such that h−1(L) has no
crossings and that h−1(L′ − s′) has no crossings. Since (h−1(L− t), h−1(L′ − t′)) is trivial
local move, h−1(L) is obtained from h−1(L′) by crossing changes between s′ and t′. This
implies L and L′ are link homotopic. So the proof of ‘if’ part completes.
We will show ‘only if’ part. Suppose that L′ = K1 ∪ · · · ∪ Kn is link-homotopic to
L. Since a self crossing change is a C1-move with index {i} for some i ∈ {1, ..., n}, then
by Lemma 2.1, L′ is a band sum of L and C1-chords with indices {i} (i ∈ {1, ..., n}).
Since L is Brunnian, by Proposition 1.1, L is a band sum Ω(O;Bn−1) of a trivial link
O = O1∪ · · ·∪On and a set Bn−1 of Cn−1-chords with indices {1, ..., n}. By Sublemma 3.5
in [11], L′ is a band sum of O and C1-chords with indices {i}, the set Bn−1 of Cn−1-chords.
Step 1: Since L′−K1 is a trivial link, by Lemma 2.2, L
′ is obtained from a trivial link
by the following moves;
(1) C1-moves with indices {1} that correspond to C1-chords with indices {1},
(2) C2-moves with indices {1, j} (j ≥ 2) that correspond to crossing change between O1
and bands of C1-chords with indices {j},
(3) d-Cn−1-moves correspond to Bn−1.
Thus, by Lemma 2.1, we have that L′ is a band sum of O and a set B1 of C1-chords with
indices {1}, a set B2 of C2-chords with indices {1, j}, and Bn−1.
Step 2 Since L′ −K2 is a trivial link, by Lemma 2.2, L
′ = Ω(O;B1 ∪ B2 ∪ Bn−1) is
obtained from a trivial link by the following moves;
(1) C2-moves with indices {1, 2} that correspond to C2-chords with indices {1, 2} or crossing
change between O2 and bands of C1-chords with indices {1},
(2) C3-moves with indices {1, 2, j} (j ≥ 3) that correspond to crossing change between O2
and bands of C2-chords with indices {1, j},
(3) d-Cn−1-moves correspond to Bn−1.
Thus, by Lemma 2.1, we have that L′ is a band sum of O and a set of C2-chords with
indices {1, 2}, a set of C3-chords with indices {1, 2, j}, and Bn−1.
Note that L′ −K3 is trivial. Repeating these processes to Step n, we have that L
′ is
obtained from a trivial link by Cn-moves with indices {1, ..., n} and d-Cn−1-moves corre-
spond to Bn−1. So L
′ is Cn-equivalent to a band sum of O and Bn−1. This band sum may
not be same as the band sum L = Ω(O;Bn−1). Since a small regular neighborhood of the
bands and the link balls of Bn−1 are fixed in each step, by Lemma 2.2, these band sums
are Cn-equivalent. This copletes the proof. ✷
4. Cn-move and Brunnian local move
It is known that a Cn-move is an (n + 1)-component Brunnian local move, and that
a Brunnian local move preserves Vassiliev invariants of order ≤ n− 1. Goussarov-Habiro
Theorem [2] [1] implies that two knots are Cn-equivalent if and only if their values of
any Vassiliev invariants of order ≤ n − 1 are same. So, if two knots are equivalent up
to (n + 1)-component Brunnian local moves, then they are Cn-equivalent. For links with
two or more components, Gussarov-Habiro Theorem does not hold. Here, we consider a
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relation between Cn-move and (n+ 1)-component Brunnian local moves.
By the arguments similar to that in the proof of Proposition 1.1, we have the follow-
ing. As we mentioned in the remark of Proposition 1.1, this is also shown by Habiro [5]
independently.
Proposition 4.1. Let (T1, T2) be an n-component Brunnian local move (n ≥ 2). Then
T2 is obtained from T2 by a finite sequence of (one-branched) d-Cn−1-moves.
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